Abstract
Introduction
Volumetric image reconstruction by interpolation has received increased attention, particularly due to its application in medical visualization and analysis [2, 4, 6] . This is inherently a difficult problem due to the sparseness of the information available and the missing data. Interpolation will aim to reconstruct both shape and greylevel information in order to have a full 3D object representation.
The structural flow is similar to the optical flow estimated from image sequences [3] . The vectorial field in this case is used to model correspondences between consecutive slices. Vectorial field visualization methods have previously been used for modelling human organ deformations [5, 10] . In our study, we propose a dual directional block matching algorithm (DBMA) in order to model structural flows. Each flow models correspondences in either direction along the main axis of the object. Block matching based algorithms inherently introduce errors due to noise, texture and missing data. In order to smooth the noise out while modelling the underlying 3D shape structure we have developed a methodology that combines diffusion smoothing with robust statistics. While the anisotropic diffusion preserves the underlying vector field structure, robust statistics eliminates outliers. The paper is structured as follows : Section 2 describes the DBMA algorithm, Section 3 outlines the proposed structural flow smoothing methodology, while the experiments are presented in Section 4. Finally, we conclude the paper in Section 5.
Dual directional block matching algorithm
Vectorial fields are widely used for representing optical flow in video sequences and for modelling deformations in medical imaging [10] . The block matching algorithm (BMA) [3] , associates a block of pixels from a reference image I t+1 with blocks of pixels from the initial image I t , and chooses maximum correlation correspondence :
where B x × B y is the block size and I t , I t+1 are successive slices. The best correlation is calculated for all the blocks from the initial image I t . In this study we propose the dual directional block matching algorithm (DBMA) for estimating structural flows in volumetric images. In this case it is assumed that we have a representation of a volume by means of cross-sectional slices located at a certain distance from each other. We consider pairs of slices where the main object structure is already segmented from the background. In the matching process, the background is ignored and only areas with valid greylevel, i.e. corresponding to an object, are considered. Each slice is split in blocks B x × B y . The best matching (highest correlation) is sought for each block according to (1) and consequently the first structural flow is estimated. For the other structural flow we reverse the tasks for the two slices and exchange I t with I t+1 in (1) .
Similar to the block matching algorithm used for estimating motion in image sequences, the search area from the reference slice has the same center as the block from the initial slice. However, due to the shape variation, a large section of the search region may consist of the background, i.e. without useful information for the structural flows. In such situations we apply a growing algorithm by progressively increasing the size of the search region, until information corresponding to the the main object is detected in the reference slice. Then, the matching search algorithm proceeds until the best correlation is found. For the second structural flow, the algorithm is applied with a reversed role for the two slices, seeking the best correlations from blocks from the reference image-slice located inside a search region defined in the initial slice. The result consists of two structural flows in opposite direction to each other. However, it can easily be noticed that the vectors from the two flows are not identical in their absolute values. Moreover, due to the nature of images under consideration the vector fields will invariably be noisy.
Robust Hessian diffusion kernels
The two dimensional heat equation of a geometric manifold can be described as [11] :
where I(x, t) describes the heat at location x and time t, starting with initial conditions I(x, 0) = I(x). As in [11] , the solution to the heat equation can be generalized as:
where K t (x, y) is the heat kernel (diffusion kernel) and x, y ∈ M . When M ≡ R then the heat kernel is a Green function, considered as Gaussian. In this case, equation (3) becomes:
where Σ represents the covariance matrix, d is a normalization coefficient, and z c is the kernel center, corresponding to the location where we apply the heat kernel. The Hessian recording the second order derivatives represents a measure of variation in the local data geometry. The Hessian can be used as a detector of change in the direction of the optical flow [3] , and can be also applied to the DBMA flows. The Hessian of a vector field is represented as :
where V xx , V xy , V yx and V yy are second order partial spatial derivatives. The Hessian indicates major changes in the direction of the structural flow, detecting the boundaries of various artifacts in the volumetric image. Hessians have been used as kernels for diffusion based smoothing in various applications [3, 9] . In this study we employ the Hessian of the local data as the covariance matrix in the Heat kernel from (4) . In this case we achieve anisotropic diffusion for smoothing structural flows associated with internal object variation while preserving the boundaries and its internal structure. Therefore, the discretization of (4) is given by :
Outliers are produced in structural flows due to wrong matches caused by the presence of noise, texture or other artifacts in the volumetric image. Diffusion algorithms do not eliminate the influence of outliers, but rather diffuses them in the neighbourhood, causing a bias in the estimation of the structural flow. A solution to the problem of diffused outliers is to combine robust statistics with the diffusion kernel [3, 7] . Order statistics algorithms have the ability to eliminate up to 50 % outliers and have been successfully used for image filtering. In the first proposed algorithm, we combine the smoothing ability of the Hessian kernel with the outlier rejection ability of the median estimator [3] . Firstly, we apply the Hessian-based diffusion algorithm as in (6), though used directionally instead of centrally with respect to the window location. We obtain directional smoothing for all the vectors from a certain neighbourhood. The median operator is applied onto the results produced by directional diffusions:
where η j (med) is the window of the median operator, centered at location j, and V t+1 (i) is the ranked (i)th vector. The influence of outliers will be diffused during the first operation. During the second processing operation any biased influence is eliminated by the median estimator. The ranking is either done marginally, on each entry separately, or centrally with respect to a central location from the ranked array.
Another robust statistics algorithm uses the inter-quartile averaging and it is known in image filtering as the alphatrimmed mean algorithm. The alpha-trimmed mean algorithm ranks marginally the given data and eliminates a certain percentage of data located at the extremes of the ranked array from the calculation of the diffusion. The aim of this method is to remove the outliers and to apply the diffusion algorithm only on data that is statistically consistent with the structural flow orientation. The updating equation is:
where α is the trimming percentage from a ranked array of N vectors from the neighbourhood η, and (i) represents the location of the ranked vector.
Experimental results
The algorithms described in this paper are tested on structural flows and used for reconstructing a 3D tooth (incisor) from a sparse set of its cross-sections. The incisor has been mechanically sliced in 22 slices and digitized and has been also used in [2] . The incisor boundaries as well as its root canal are segmented in each slice and the resulting slices are aligned using a semi-automatic procedure. Three consecutive slices of the incisor sequence are shown in Figures 1(a), 1(b) and 1(c) . We can observe that these slices correspond to the tooth region where the root canal emerges and consequently significant information is lost after slicing and digitization. The forward structural flow using the dual block matching (DBMA) algorithm, described in Section 2, calculated between slices 17 and 19 is shown in Figure 2(a) , it's reverse flow in Figure 2(b) , and the full structural flow that models the deformation, resulted from combining the forward and reverse flows, is shown in Figure 2 (c). As it can be observed, the structural flow has captured the object inner structure rather well. Figure 3 provides the structural flow and the reconstructed middle slice for slice 18, by initially skipping it and afterwards aiming to reconstruct it from the two neighbouring slices, 17 and 19. The structural flows shown in Figure 3 are those obtained after smoothing using the 2D Hessian as in (6), Perona-Malik (P-M) [8] and the median estimator on top of the diffusion (MED-2DH) as presented in Section 3, and applied according to equation (7) . The structural flow between slice 17 and slice 18 is obtained by halving the flow between slice 17 and 19, assuming that the slices are equi-distant. As it can be observed from these figures, the diffusion based algorithms improve the DBMA structural flow. We have also applied the alpha trimmed mean diffusion (ATM-2DH), as described in Section 3, according to equation (8) . In equation (8) the neighbourhood is η = 3 × 3, N = 9, while αN = 3 and so 6 vectors have been eliminated from the robust diffusion smoothing process. The robust diffusion algorithms provide very smooth structural flows and the influence of outlying vectors is clearly eliminated. The canal hole in slice 18 is almost completely closed (as it should be according to the ground truth slice from Figure 1(b) ) as it can be observed in the results from Figure 3 . In Table 1 we provide the average reconstruction error, calculated between the reconstructed slices and the original ones for the entire incisor sequence of 22 slices. We can observe that the median diffusion algorithm (denoted as MED here) provides the best reconstruction results followed by 2DH and ATM-2DH. In the following, we reconstruct the entire 3D structure of the tooth using the initial 22 slices. The proposed algorithm generates additional slices interpolating along the smoothed structural flows. From 22 slices we produce a total of 420 slices for a full 3D reconstruction of the incisor. Figure 4 shows the 3D incisor reconstructions produced by various algorithms. Figure 4(a) is obtained by interpolating slices using the unsmoothed DBMA flows, Figure 4 (b) is obtained using Perona-Malik diffusion [8] for smoothing flows when generating intermediary slices, while Figure 4(c) provides the results when using Black [1] diffusion. Figures 4(d) , 4(e) and 4(f) show reconstructions of intermediary slices from 2DH, ATM-2DH and MED-2DH smoothed structural flows. From these figures we can observe that MED-2DH produces the smoothest tooth shape reconstruction when compared to the reconstructions using smoothed structural flows by other kernels. The 3D incisors produced by Perona-Malik and Black diffusion, when applied on the DBMA structural flows have rougher reconstructed surfaces and textures when compared to Hessian based diffusion kernels. The 3D reconstruction using these algorithms give priority to the last displaced pixels and does not take into account other considerations. The drawback with the current implementation is that it does not compensate for structural occlusions and for multiple displacements to converge to a single location. 
Conclusion
This paper proposes a new methodology for volumetric image reconstruction and modelling. Structural flows are used for representing the internal variation in 3D images, such as those produced by Magnetic Resonance Imaging (MRI), Computer Tomography (CT) or by other means. A dual directional block matching algorithm (DBMA) uses the best correlation measurements in both forward and backward direction producing two vector fields along the main axis of a 3D object. A set of diffusion algorithms are applied on the structural flows produced by the DBMA algorithm. The structural flows are diffused using a Gaussian kernel whose covariance matrix is the local Hessian. In order to eliminate the outliers we robustify the Hessianbased kernel using the median and alpha-trimmed mean algorithms. The proposed methods are applied for smoothing structural flows estimated for a tooth. The structural flows are afterwards used to jointly reconstruct shape and greylevel structure (texture) for the entire 3D tooth.
